We consider the observation of stellar-mass black holes binaries with the Laser Interferometer Space Antenna (LISA). Preliminary results based on Fisher information matrix analyses have suggested that gravitational waves from those sources could be very sensitive to possible deviations from the theory of general relativity and from the strong equivalence principle during the low-frequency binary inspiral. We perform a full Markov Chain Monte Carlo Bayesian analysis to quantify the sensitivity of these signals to two phenomenological modifications of general relativity, namely a putative gravitational dipole emission and a non-zero mass for the graviton, properly accounting for the detector's response. Moreover, we consider a scenario where those sources could be observed also with Earth-based detectors, which should measure the coalescence time with precision better than 1 ms. This constraint on the coalescence time further improves the bounds that we can set on those phenomenological deviations from general relativity. We show that tests of dipole radiation and the graviton's mass should improve respectively by seven and half an order(s) of magnitude over current bounds. Finally, we discuss under which conditions one may claim the detection of a modification to general relativity.
We consider the observation of stellar-mass black holes binaries with the Laser Interferometer Space Antenna (LISA). Preliminary results based on Fisher information matrix analyses have suggested that gravitational waves from those sources could be very sensitive to possible deviations from the theory of general relativity and from the strong equivalence principle during the low-frequency binary inspiral. We perform a full Markov Chain Monte Carlo Bayesian analysis to quantify the sensitivity of these signals to two phenomenological modifications of general relativity, namely a putative gravitational dipole emission and a non-zero mass for the graviton, properly accounting for the detector's response. Moreover, we consider a scenario where those sources could be observed also with Earth-based detectors, which should measure the coalescence time with precision better than 1 ms. This constraint on the coalescence time further improves the bounds that we can set on those phenomenological deviations from general relativity. We show that tests of dipole radiation and the graviton's mass should improve respectively by seven and half an order(s) of magnitude over current bounds. Finally, we discuss under which conditions one may claim the detection of a modification to general relativity.
I. INTRODUCTION
The first detections by the LIGO/VIRGO collaboration have shown the potential of gravitational waves (GWs) to explore the universe and to investigate the fundamental laws of physics. These observations have provided evidence for the existence of an astrophysical population of black hole binaries and are also in a very good agreement with the predictions of Einstein's theory of general relativity (GR) [1] [2] [3] [4] [5] [6] [7] . These black holes have larger masses than originally expected by most of the community (see however [8] ), up to ∼ 50M [5] . Such relatively heavy stellar-mass black hole binaries (SBHBs) 1 could in principle be observed also by the space-based Laser Interferometer Space Antenna (LISA) [9, 10] . Scheduled for launch in 2034, LISA [11] will be sensitive to lower frequencies (mHz) than terrestrial detectors such as LIGO and VIRGO. Massive and supermassive black hole binaries with total masses M ∼ 10 4 − 10 7 M will be its primary target [12] , but the observation of the early inspiral of SBHBs will be complementary to the operations of ground based detectors. The next generation of ground-based interferometers will indeed observe the mergers of these sources, after they have left the LISA band and re-emerged, typically a few weeks, months or even years later, in their higher frequency band [9, 13] .
Since LISA will observe SBHBs in the long low-frequency inspiral phase, which for these sources can last for years, the accuracy and precision with which we will recover the intrinsic and extrinsic source parameters are expected to improve over what could be achieved with ground interferometers alone [9, [14] [15] [16] [17] [18] [19] . Furthermore, multi-band observations 1 In SBHBs we also include possible primordial black holes. of these SBHBs by LISA and terrestrial detectors will track the evolution of the GW signal across several orders of magnitudes in frequency, and provide us with even more accurate determinations of the parameters.
Tracking the phase of these binaries for extended periods of time should allow for the detection of low-frequency modifications of the waveform due to the interaction with matter and to the system's peculiar acceleration [20] [21] [22] [23] . In addition, these observations will allow us to perform exquisite tests of the strong equivalence principle. More specifically, they should permit studying the possible presence of black hole hairs and extra polarisation states via their back-reaction on the orbital evolution, and testing non-linear dispersion relations [17] . Indeed, the observation of SBHBs with LISA, alone or in joint operations with ground detectors, is expected to improve current bounds on these effects by several orders of magnitude.
The aim of this paper is to assess how well LISA can constrain deviations from GR, and detect them if they are present in SBHBs signals. In addition we will assess how much improvement we could expect from multiband observations. Previous works on this topic [9, [14] [15] [16] [17] [18] 24] used Fisher information matrices to perform parameter estimation. However, this technique, while quick and efficient, is usually not suited for (i) events with low signal-to-noise ratio (SNR) [25] and for (ii) non-Gaussian and/or multimodal distributions. Furthermore, since SBHBs can stay in the high-frequency band (∼ 10 −2 Hz) of the LISA sensitivity for years (and in some cases for the whole mission duration), the response of the detector has to be properly taken into account. In particular, the use of the long wavelength approximation for the response could impact the parameter estimation results [26, 27] . To address these issues and improve on existing results, we therefore account for the full LISA response function and we perform a full Bayesian analysis of the parameter estimation of SBHBs with LISA, for a number of fiducial representative systems. Our Bayesian treatment also takes a step towards understanding how LISA data might be applied for this kind of study in practice.
Our analysis shows that LISA's observations alone will improve tests of GR and of the equivalence principle (namely tests of dipole radiation and the graviton's mass) by respectively seven and half an order(s) of magnitude over the current bounds. In addition, if deviations from GR are significant, we should be able to confidently detect them, even if the deviations are below current bounds. Finally, we show that multi-band observations should enable us to break degeneracies among the parameters and further improve detectability of (or bounds on) possible deviations from GR. This paper is organised as follows. In section II we present the deviations from GR that we consider, and their effect on the GW signal. Then we present the details of our method, and in particular how data are simulated and how we perform the Bayesian analysis, in section III. Our results are presented in section IV and our conclusions in section V.
II. PARAMETRIC DEVIATIONS FROM GENERAL RELATIVITY
Deviations from GR can potentially affect both the generation of GWs and their propagation to the detector. In this paper, we will focus on two specific examples, dipolar GW emission and a non-zero mass for the graviton.
GW emission in GR starts at the quadrupolar order, while no monopole or dipole gravitational emission is present. This happens because of the covariant conservation of the matter stress energy tensor [28] , which leads to conservation of energy and linear momentum, just as monopole emission in electromagnetism is forbidden because the Maxwell equations imply the conservation of the electric charge.
However, in theories of gravity that modify/extend GR, extra gravitational fields (besides the spin-2 graviton) are typically present, see e.g. [29] for a review. These extra fields, while not coupled directly to matter in order to enforce the validity of weak equivalence principle (i.e. the universality of free fall), are typically coupled non-minimally to the spin-2 field. Since the spin-2 graviton couples to matter, the latter is effectively coupled also to the extra graviton fields via the spin-2 metric perturbations. This spin-2 mediated interaction is negligible when the metric perturbations are small (i.e. when gravity is weak), but can become important when the gravitational field is strong. This effect (often referred to as "Nordtvedt effect" [30] [31] [32] takes place in the interior/vicinity of compact objects such as neutron stars and black holes. As a result, compact objects may experience an effective coupling to the extra gravitational fields, which can give rise to "fifth forces". These forces will depend in general on the nature and composition of the compact object, and vanish in the limit where the object's compactness is low (i.e. they vanish when the self gravity of the body is weak). Therefore, they cause violations of the universality of free fall. However, since these effects only take place for strongly gravitating objects, they are often referred to as violations of the "strong equivalence principle".
Violations of the strong equivalence principle can be both dissipative (i.e. affecting the GW fluxes) or conservative [i.e. modifying the Newtonian interactions of compact objects and their post-Newtonian (PN) 2 conservative corrections]. It was discovered early on, for instance, that in scalar-tensor theories of the Fierz-Jordan-Brans-Dicke type [33] [34] [35] , the dynamics of quasi-circular neutron star binaries is modified (with respect to GR) by the appearance of dipole (-1PN) gravitational fluxes (which can be interpreted as exchanges of energy and momentum from the binary to the gravitational scalar, due to the Nordtvedt effect), and by conservative corrections to the Newtonian and PN interaction of the two bodies [36] [37] [38] . Note that monopole GW emission is also possible in principle in these scalar-tensor theories, but it is suppressed in quasicircular systems [36] [37] [38] .
Dipole emission has a strong effect on the binary evolution as it increases the rate of change of the orbital frequency, i.e. dipole GW emission, being a -1PN effect, is potentially more important than the quadrupole GW flux. As a result, the binary loses more energy to GWs at low frequencies, which, in turn, translates into a faster orbital evolution. Indeed, the absence of dipole GW emission in the dynamics of known binary pulsar systems (whose evolution is tracked by radio observations [39] ) has allowed for placing stringent constraints on scalar-tensor theories of the Fierz-Jordan-Brans-Dicke type [40] [41] [42] . For black hole binaries, on the other hand, these scalar-tensor theories predict that dynamics should be unaffected by the Nordtvedt effect (i.e. no deviations from GR should be present in both the conservative and dissipative dynamics), at least if their spacetime is asymptotically flat [43] [44] [45] .
More recently, however, it has been recognised that binary black holes may also experience violations of the strong equivalence principle in theories of gravity that extend GR. In fact, even in Fierz-Jordan-Brans-Dicke scalar-tensor theories, black holes may acquire a "hair", i.e. a coupling to the gravitational scalar, if their spacetime is not asymptotically flat (e.g. due to cosmological boundary conditions or the presence of nearby matter) [43] [44] [45] . These hairs would then produce GW dipole emission and modifications to the conservative dynamics of binary black hole systems. Similar black hole hairs are naturally produced also in more generic scalar-tensor theories (e.g. Horndeski theories, dilaton-Maxwell theories) [46] [47] [48] [49] [50] , where they can even become significantly large ("nonperturbative") in specific situations [49, 50] . Black hole hairs are probably present also in theories with extra gravitational vector and tensor fields (e.g. in some regions of the parameter space of Lorentz violating gravity [51] , in massive gravity [52] , etc.).
GW observations can be used to experimentally test the possibility that the Nordtvedt effect may be at play in black hole binaries. Observations of SBHBs with LISA will be ideal to this purpose, because they will probe the low-frequency evolution of these systems, where dipole emission (being a -1PN effect) could potentially dominate over the GR evolution. Indeed, [17] used a Fisher information matrix analysis to suggest that LISA observations of these systems (or even better, joint observations by LISA and ground based detectors) could test the presence of vacuum dipole GW emission to a precision challenging the the one achieved with binary pulsar systems. In this paper, we will extend that work by employing more rigorous Bayesian techniques and by accounting for the full response of the LISA detector, which was not considered in [17] , in spite of being crucial for SBHBs.
A theory-agnostic phenomenological framework to describe and classify deviations from GR, at least during the low frequency inspiral, is provided by the parameterised postEinsteinian (ppE) formalism [53] . A similar formalism is applied in the TIGER pipeline [54] used in LIGO/VIRGO tests of GR [7] . In these approaches the general relativistic phase and amplitude are modified as
whereh GR is the frequency domain waveform of GR, while the deviations from GR are described by the dimensionless parameters γ, δ, c and d. In the expression above,
, is the chirp mass of the binary. Since interferometers are mostly sensitive to the phase of GWs, we will neglect the amplitude modifications and set γ = 0. This approximation has been discussed and justified in [55] , to which we refer for further details. Different values of δ and d correspond to distinct physical effects and gravitational theories (see e.g. [17, 24, 47, [56] [57] [58] [59] [60] [61] [62] for some specific modifications of GR and their mapping to the PPE parameters δ and b).
Following [17] we parametrise the dipole GW energy flux asĖ
whereĖ GR is the GR quadrupole flux, v is the relative velocity in the binary, and B (which vanishes in GR) is a theory and system dependent parameter that characterises dipole emission. Given this modified energy loss rate, we can compute the frequency evolution of the system by using the stationary phase approximation [63] [64] [65] . Assuming a small B, we obtain that the ppE coefficients corresponding to dipole emission are [17, 66] :
3)
where η = m 1 m 2 /(m 1 + m 2 ) 2 (with m 1 and m 2 the individual masses) is the symmetric mass ratio. Because of the violation of the strong equivalence principle, the value of B might depend on the nature of the system. To make it explicit that we are considering dipolar radiation in black hole systems, we will use the symbol B BH for the rest of this paper.
Besides modifying the generation of GWs, deviations from GR may also affect wave propagation. Phenomenologically, that can be encoded in a modified dispersion relation [62, 67] 
where E and p are the graviton's energy and linear momentum, while A and α are free parameters. For example, Hořava gravity predicts the presence of terms with both α = 4 and α = 6 [68, 69] , while the case α = 0 corresponds to a massive graviton [70] . From Eq. (2.5), at first order in A the graviton's velocity reads:
By measuring the time delay between the GWs and light emitted by GW170817, it is possible to bound the fractional difference between the speed of GWs and that of light to less than 10 −15 [71] . A modified dispersion relation also deforms the shape of the GW signal as it propagates, since each frequency travels at a different (phase and group) speed [62] . This allows for testing modified dispersion relations even in the absence of electromagnetic counterpart, as is expected to be the case for SBHBs. This is the technique by which the LIGO/VIRGO collaboration [6, 7] has obtained graviton mass bounds competitive with solar system observations [72] .
In more detail, Ref. [62] showed that a modified dispersion relation like Eq. (2.5) changes the phase of the GW signal, and this modification corresponds to ppE coefficients [62] :
where D α is a distance variable given by
dz . In this expression, Z is the cosmological redshift of the source, H 0 is the Hubble constant and Ω m and Ω Λ are the matter and dark energy density parameters respectively. For those last three quantities we take the values measured by the Planck mission [73] . As can be seen in Eq. (2.7), the phase shift due to a modified dispersion relation increases with distance. Thus, we may expect the best GW constraints on this effect to come not from GW170817, but from more distant black holes [74] . For a given source, though, distance also reduces the SNR, so experimental bounds are defined by the interplay of those two factors. In this paper we will focus on the case of a massive graviton, α = 0 and A = m 
III. METHOD
In this work we want to assess the sensitivity of LISA to modifications of GR. To that purpose, we work in a full Bayesian framework and consider two different Markov Chain Monte Carlo experiments. The first one consists of simulating the signal predicted by GR, for a few astrophysical systems, and trying to recover it with templates where either dipolar radiation or a massive graviton is allowed. Non-GR templates are computed within the framework presented in section II. Our goal is to place upper bounds on B BH and m g , i.e. to determine how well GW observations can constrain those deviations, accounting also for possible correlations between parameters. The second experiment consists of simulating signals containing a modification to GR, for the same astrophysical systems, and estimating how well can we detect this modification.
In order to obtain an estimate of how much multiband observations could improve our ability to detect or constrain modifications to GR, we repeat each of the previous experiments, but placing a very tight prior constraint on the coalescence time. Indeed, this parameter is extremely well constrained by ground based detectors, with a typical accuracy of a few milliseconds. We refer to the analysis mimicking multiband observations as LISA+Earth, and to the one using LISA alone as LISA-only. A proper multiband analysis will yield an even more significant impact on the parameter estimation, by providing valuable constraints on intrinsic parameters such as the mass ratio and the spins, which might be poorly constrained by observations with LISA only. For this reason, our results in the LISA+Earth case can be considered as conservative.
In this paper, we consider only one GR modification at the time (either dipolar radiation or mass of graviton), and, as mentioned above, we neglect modifications to the amplitude of GWs.
A. Signal generation
We consider quasi-circular binary systems consisting of spinning black holes with aligned or anti-aligned spins with respect to the orbital angular momentum. We omit possible orbital precession (which should be weak in the early inspiral) and orbital eccentricity in our model. Note that the eccentricity might not be negligible, in which case our analysis should be extended. Each system is characterised by 11 parameters: the masses (m 1 and m 2 ), the GW frequency at which LISA starts observing the system ( f 0 ), the magnitude of the spins (χ 1 and χ 2 ), the position in the sky defined in the solar system barycenter (λ and β), the polarisation angle (ψ), the azimuthal angle of the observer in the source frame (φ 0 ), the inclination of the orbital angular momentum with respect to the line of sight (ι, which is also the polar angle of an observer in the source frame) and the luminosity distance to the source (D L ).
We consider three different astrophysical systems: one is similar to GW150914 (System 1), and the other two (Systems 2 and 3) are more massive. In addition, for System 1 we consider three different values of the initial frequency, so that the time to coalescence (from the start of LISA observations) takes values of 8.3 years, 4 years and 2.5 years. The choice of the initial GW frequency strongly affects the frequency evolu- tion of the signal during LISA observations, and allows us to explore constraints on GR modifications as a function of the signal's "chirpiness". The parameters of the systems are given in table I. We also provide the time to coalescence (t c ) and the SNR for each system, assuming 4 years of LISA operation. We generate the frequency domain GW signal emitted by these systems as predicted by GR, i.e.h GR in eq. (2.1), by using PhenomD, a phenomenological waveform built from PN expressions and fits to numerical simulations. PhenomD provides the dominant modeh 2±2 [75, 76] . Modifications to GR are added toh 2±2 as described in section II. We generate the signal between the initial frequency of the template, f 0 , and the minimum between 0.5 Hz (which we assume to be LISA's Nyquist frequency) and the frequency reached by the end of observation (4 years).
We compute the response of the detector to the GW signal using the method described in [77] to obtain the TDI observables A, E and T [78] . We work in the zero noise approximation in order to speed up the computation, but we explore all possible correlations. Adding noise to the GW signal should not affect the parameter estimation drastically, leading mostly to a shift of the maximum likelihood within the quoted credible interval. Furthermore, the zero noise approximation could be seen as the average over many noise realisations [79] .
B. Bayesian analysis
We deploy a full Bayesian framework to explore the accuracy with which LISA can estimate the parameters of the source and put constraints on modifications to GR. We treat all parameters of the source, as well as the coefficients parametrising deviations from GR, as random variables, and we use Bayes' theorem to obtain the posterior distribution:
In this equation p(θ|d, M) is the posterior distribution that we want to sample, p(d|θ, M) is the likelihood, p(θ|M) is the prior distribution and p(d|M) is the evidence. In our case the data d corresponds to the injected signal, θ is the set of parameters characterising the signal, and M is the model that we use to analyse the data. In more detail, the models are GR, GR plus dipole radiation and GR plus a massive graviton.
Assuming the noise to be Gaussian, the likelihood is given by:
where the inner product is defined as:
The denominator, S n ( f ), is the one-sided noise power spectral density (PSD). In this work we use the LISA "Proposal" PSD as specifically formulated in [11] . Details on the waveform generation and likelihood computation can be found in [80] . We take the priors to be flat in m 1 and m 2 with m 1 ≥ m 2 , flat in the spin magnitude (χ 1 and χ 2 ) between −1 and 1, volume uniform for the distance to the source, and isotropic for the sky position and inclination, while the polarisation and the observer's azimuthal angle priors are taken to be uniform on the circle. In the LISA-only scenario, we assume a flat prior for the initial frequency, whereas in the LISA+Earth scenario we use a Gaussian prior with standard deviation σ t c = 1 ms centred around the true value of the coalescence time t c . Finally, we assume a flat prior for the coefficients parameterising deviations from GR. We assume B ≥ 0 and m g ≥ 0, corresponding to positive extra GW fluxes (besides the GR ones) and real positive masses respectively.
In order to sample the posterior distribution obtained through (3.1), we use a Metropolis-Hashtings algorithm [81, 82] . Its implementation is detailed in [19] to which we refer for more details. Instead of m 1 , m 2 , χ 1 , χ 2 , we use suitable combinations to explore the parameter space, namely the chirp mass (M c ), the symmetric mass ratio (η), the effective spin
and the antisymmetric spin χ a =
Instead of m g , we use m e f f =
, in order to avoid the computation of D 0 (see Eq. (2.7)) at every point, thus saving computational time. Posteriors are re-weighted at the end. Finally, it is noteworthy that when sampling the posterior, we allow the chains to explore negative values too and impose the cut a posteriori. This procedure reduces the number of effective points that we obtain out of a chain, but it allows for better sampling of the region close to the prior boundary.
In order to cross-check our results we also used the parallel tempering code PTMCMC [83] . We obtained an excellent agreement between the two samplers, and especially for the B BH and m g marginalised distributions.
IV. RESULTS
We start by evaluating the constraints that we can place on the modifications of GR, and we then consider the problem of detecting those modifications (when present).
A. Putting upper bounds on non-GR parameters
We assume that the GW signal follows GR (simulated data) and we use non-GR templates (waveform) as a search model for each system given in Table I . The aim here is to set un upper limit on the phenomenological deviations from GR. In the left panel of Fig. 1 we show the marginalised distribution of B BH for System 1 (t c = 4.0 years) both in the LISA and LISA+Earth scenario. The distribution peaks at the true value of the dipolar amplitude (i.e. 0) and has a compact support extending up to the maximum B BH compatible with observations.
For most of the cases/systems considered here (with the exception of System 3, to which we will come back when discussing the possibility of detecting modifications to GR in IV B), we obtain similar distributions for B BH and for m g , as displayed in the left panel of Fig. 1 . This allows us to place upper limits as 90% credible interval (0.9 quantile of the corresponding marginalised distribution). We present the upper bounds on B BH and m g obtained with each system and in each scenario in tables II and III respectively. We also provide the currently available constraints for comparison. The best constraints on dipole radiation in binary systems come from the binary pulsars (c.f. section II). However, since the value of the dipolar amplitude might depend on the nature of the system, as argued in section II, we only consider here current bounds for systems containing at least one black hole. For those, the most stringent current bound comes from the observation of a low mass X-ray binary [84] . This constraint is slightly better than the one obtained with current GW detections [17] . For m g , we show the constraint obtained by the LIGO/VIRGO collaboration during the first two observational runs [6] . A somewhat better upper bound on the mass of the graviton was obtained from solar system observations [72] , but it is unclear that a constraint from such a static configuration should be the same as for highly dynamical systems like black hole binaries.
The results presented in tables II and III show that the best constraints are given by the systems which are observed during the whole 4-year mission duration before passing out of band (System 2 and System 1 (t c = 4.0 years)). In addition, System 1 (t c = 2.5 years) gives better constraints than System 3 and System 1 (t c = 8.3 years). Those results suggest that most of the constraining power comes from the chirp of the system. Although this might seem counter-intuitive for low frequency modifications such as dipolar radiation, it can be explained by the correlation of non-GR parameters with intrinsic parameters such as mass ratio and spins. Indeed, we require substantial evolution of the signal in frequency to constrain those parameters even within GR, as discussed more extensively in [19] . Large uncertainties in η and in the effective spin χ s = , when using LISA-only (red) and LISA+Earth (green). In the left panel, the injected value is 0 and the dashed lines indicate the upper bound that we can put on B (corresponding to the 90% CI). In the middle and right panels, the injected value is 0.7 × 10 −8 and 1.0 × 10 −6 respectively, indicated by the blue solid line. These values were chosen so that one is far above the bound that we can put on B BH in the LISA+Earth scenario, and the other is of the same order. Since 0 is not in the support of the posterior in the right panel, in this case we could safely claim the detection of a modification to GR, unlike for the posterior in the middle panel.
B BH

LISA-only LISA+Earth
System 1(t c = 8.3 years) < 1.1 10 −7 < 1.1 10
System 1(t c = 4.0 years) < 9.2 10 −9 < 3.2 10
System 1(t c = 2.5 years) < 6.8 10 −8 < 7.2 10
System 2 < 1.5 10 −8 < 4.6 10
System 3 < 1.9 10 −7 < 2.5 10
TABLE II. 90 % confidence constraints on B BH obtained with each system in both the LISA-only and LISA+Earth scenario. Improvements by one of order of magnitude can be achieved when restricting t c . Already in the LISA scenario, all the systems considered in this work would allow one to improve current constraints for black hole sytems.
correlated to them, such as M c and non-GR parameters. Overall, restricting t c improves the constraints on non-GR parameters, but it does not have the same impact for all systems. An interesting observation is that although System 3 gives a slightly worse constraint on B BH than System 1 (t c = 8.3 years) in the LISA-only scenario, that constraint improves by an order of magnitude and becomes much better in the LISA+Earth scenario. To understand this, we transformed the samples obtained in the LISA-only case to infer the time to coalescence of the systems, and we found that for all systems except System 1 (t c = 8.3 years) there is a very strong
LISA-only LISA+Earth System 1(t c = 8.3 years) < 9.3 10 −23 < 2.5 10 TABLE III. 90 % confidence constraints on m g obtained with each system, in both the LISA-only and LISA+Earth scenario. As explained in the main text, restricting t c thanks to a multiband detection improves the bounds. Note that all the systems considered in this work would allow one to improve current constraints in the LISA+Earth scenario.
correlation between B BH , M c and t c . This is why restricting t c helps to improve the bound on B BH . Because we are observing System 1 (t c = 8.3 years) at lower frequencies, the correlation between B BH and M c is dominant, and thus restricting t c does not have much impact on the estimation of either parameter. We see that the impact of restricting t c on the upper bound of m g is opposite: we get the tightest bound for the systems that start the farthest from merger (System 1 (t c = 8.3 years) and System 3). The reason is similar: LISA observes a GW signal at quite low frequency, while the effects of mass ratio, spins and m g appear beyond the leading PN order terms, and therefore they are (relatively) poorly constrained. Restricting t c to be in a narrow interval imposes an additional constraint on those parameters, which allows one to improve the bound on m g . For systems closer to coalescence, the frequency evolution during LISA observations is sufficient to set tight bounds, and the additional constraint coming from restricting t c only moderately improves the results.
Our projected constraints on B BH are in good agreement with [17] and should improve current bounds for BH systems by at most seven orders of magnitude. For m g , we observe that multiband observations of any considered system should improve the current constraints by one order of magnitude. Finally, the reported upper bounds are worse than the projected bounds obtained from the observation of supermassive black holes binaries by LISA in [18] , due to a significant difference in the SNR and in the distance to those sources. However, we should stress again that a real multiband analysis would not only restrict t c , but also put additional constraints on all intrinsic parameters, improving parameter estimation as a whole. As a consequence, bounds on non-GR parameters from SBHBs observed with LISA and ground detectors could be more stringent than those presented here in the LISA+Earth scenario.
B. Detecting modifications to general relativity
We now turn to the case where the injected signal has a non-zero value of either B BH or m g . Based on the results presented in tables II and III, we choose B BH well above the bounds presented there, but still below currents constraints (B BH,in jected = 100 × 10 −8 ), as well as B BH and m g of the same order as those bounds (B BH,in jected = 0.7 × 10 −8 and m g,in jected = 1.0 × 10 −23 eV). We choose a single value for m g because there is less room between our projected bounds and the currents constraints.
In the middle and right panels of Fig. 1 , we show the marginalised distribution of B BH for System 1 (t c = 4.0 years) both in the LISA and LISA+Earth scenario, when the injected value is B BH,in jected = 0.7 × 10 −9 and B BH,in jected = 100 × 10 −8
(respectively) denoted the blue solid line. For the higher B BH , the distribution peaks around the injected value and is not compatible with zero, clearly indicating the presence of the effect. For the lower B BH , the distribution is very flat in the LISA-only scenario and more peaked in the LISA+Earth scenario. Similarly, in Fig. 2 we show the distribution of m g for System 2 and for an injected value of 10 −23 eV. For the reasons explained in the previous section, the impact of restricting t c is milder, but it still slightly improves the sharpness of the posterior around the injected value. Although the peak of the posterior distribution is away from zero (and centred on the true value), as seen in Fig. 1 and Fig. 2 for the LISA+Earth scenario, we cannot still rule out GR (a vanishing deviation from GR is compatible with the data), and we cannot safely claim the detection of a deviation from GR.
Detailed analysis reveals that while analysing the GR signal, the peak of the distribution for B BH could be away from zero even in the noise-free approximation. The corner plot   FIG. 2 . Distribution of the mass of the graviton for System 2, when using LISA-only (red) and LISA+Earth (green). The injected value is 1 × 10 −23 eV, indicated by the blue solid line. This value was chosen to be close to the upper bound that we can put in the LISA+Earth scenario. Despite the peak around the injected value, 0 is in the support of the distribution, so we cannot safely claim the detection of a non-GR effect.
[85] presented in Fig. 3 shows the distributions of χ s and B BH and the correlation between them for System 3. Note that the true value of B BH here is zero, however, in the LISA-only scenario the distribution peaks at a non-zero value, mimicking a deviation from GR. Since we do not observe the chirp of this system, the likelihood is very shallow across the allowed range of χ s , and the prior, which peaks at χ s = 0, dominates. The high spins of the BHs entering System 3 produce a rather high value of χ s , for which the prior has little support. Thus, we are biased in our estimate of χ s , and the strong correlation between χ s and B BH shifts the peak of posterior distribution for B BH away from zero. In other words, our prior beliefs are stronger than the information (likelihood) provided by the data itself. Restricting t c puts some constraint on χ s , suppressing the bias in B BH . This bias for the LISA-only scenario is much less obvious if the BHs spins are low like in System 1.
The exercise above indicates the importance of multi-band observations. At the same time (especially in the presence of noise) we should be careful and claim the detection of a modification to GR only if the distribution of non-GR parameters is incompatible with zero. For that reason, whenever the posterior distribution is compatible with zero, we define the 90% confidence interval (CI) of B BH and m g as the values between the 0 and the 0.9 quantiles. Otherwise, in situations as in the right panel of Fig. 1 , we define the CI as the values between the 0.05 and 0.95 quantiles, and we report the median as a point estimate. The 90% CI on B BH and m g are given for each case considered in table IV.
The errors on non-GR parameters in all systems and scenarios considered are coherent with upper bounds: the cases giving the more stringent bounds are the ones that could detect modifications with higher precision.
For completeness we add that, for systems where the injected value is much lower than the calculated upper bound (e.g. when B BH,in jected = 0.7 × 10 −8 for System 1 (t c = 8.3 years) or System 3), we cannot distinguish a peak away from zero, and the distribution is very similar to the one in the 10 8 × B BH,in jected = 0. TABLE IV. Recovered 90% CI for non-GR parameters for different injected non-zero values. For a strong modification B = 100 × 10 8 the posterior peaks around the injected value, and 0 is not in the support of the distribution, as in the right panel of Fig. 1 . Thus, we could safely claim the detection of a modification to GR. In the case of smaller modifications, e.g. B BH,in jected = 0.7 × 10 8 or m g,in jected = 1.0 × 10 −23 eV, the posterior is compatible with 0. Therefore, even in cases where the distribution peaks around the true value, like in Fig. 2 and in the middle panel of Fig 1, we could not safely claim the detection of a non-GR effect. FIG. 3 . Distribution of the dipolar amplitude for System 3, when using LISA-only (red) and LISA+Earth (green). The injected value is 0 and dashed lines indicate the upper bound that we can put on B (corresponding to the 90% CI). Notice that in the LISA-only case the distribution peaks away from 0, which would seem to indicate the presence of a non-zero modification, but this feature disappears in the LISA+Earth case. This is due to the poor determination of intrinsic parameters such as the spins, which leads to a bias in correlated parameters such as B BH . When constraining t c , the determination of the intrinsic parameters improves, suppressing this bias.
left panel of Fig. 1 .
In order to further investigate the presence of a modification to GR one could compute Bayes factors given by the ratio of evidences of two models : B M 1 ,M 2 = p(d|M 1 ) p(d|M 2 ) . As an example, Bayes factors much larger than 1 would suggest that model M 1 describes data better than model M 2 . In our case the difference between models would be the presence (or absence) of some modification to GR in the GW templates. To carry this study we would need to use different samplers, e.g. nested sampling [86] . We leave this investigation for future work.
V. CONCLUSION
In this paper we have investigated the possibility of constraining modified theories of gravity through the observation of GWs from SBHBs with LISA. We have also performed a first assessment of the further improvements on these constraints that could be achieved by multi-band (LISA plus ground-based detectors) observations. In order to perform a theory agnostic estimation, we used the ppE framework, considering only leading order effects on the GW phase due to phenomenological modifications of GR. We have focused on two possible modifications of GR: (i) the existence of dipolar radiation, which affects the generation of GWs, and (ii) a non-zero mass of the graviton, which affects the propagation of GWs. In order to be as realistic as possible, we simulated data using the phenomenological waveform PhenomD, taking into account the non-trivial response of LISA (TDI). We have chosen three fiducial systems consistent with currently detected LIGO/VIRGO binary black holes, and we explored the influence of initial orbital frequency (or separation) on the constraints that could be placed on deviations from GR. We have performed a full Bayesian analysis. Results obtained with a Metropolis-Hashtings Markov Chain Monte Carlo algorithm and a parallel tempering code PTMCMC [83] are in a very good agreement. Overall, we find that multiband observations should improve current bounds on dipole radiation from black hole systems by seven orders of magnitude, and current bounds on the mass of the graviton by half an order of magnitude.
We have identified several possible investigations as a continuation to this work. We have considered quasi-circular orbits for simplicity, but it was shown in [87] that eccentricity could play an important role, and we do not expect all SBHBs to have circularised before entering the LISA band [88, 89] . Furthermore, as discussed in [90] , we might expect SBHBs to have non-aligned spins. Moreover, we have mimicked multiband observations by constraining the time to coalescence. However, as discussed earlier in this paper, the contribution from a multi-band detection does not consist solely in measuring the time to coalescence, as it should allow to put additional constraints on all the parameters of the source. We leave a more detailed investigation of the multi-band analysis of SBHBs to future work. Finally, evaluation of the Bayes factor should be used for the model selection.
